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Motivated by the geometrical interpretation of Brans-Dicke (BD) scalar field which may also act
as a torsion potential in Lyra geometry, we study the effects of spacetime torsion on the dynamics of
a collapsing massive star. Taking the interior spacetime as the FLRW metric and the matter content
as spherically symmetric, homogeneous perfect fluid with the equation of state (EoS) p = wρ, we
show that the collapse ends in a spacetime singularity which is of the strong curvature type in the
sense of Tipler. Whether the trapped surfaces form during the dynamical evolution of the collapse
depends on the torsion parameter, related to the BD coupling parameter, and the EoS subject to
the conditions on physical reasonableness of the collapse configuration. Hence, the space of torsion
and EoS parameters is divided into two portions, one for which the collapse process leads to the
formation of apparent horizon and the other for which the apparent horizon is failed to form in the
interior region. The nature of the singularity is examined from the exterior perspective, by searching
for the existence of radial null geodesics reaching the faraway observers. Moreover, it is found that
the effects of a dynamical torsion can be transferred to the outside region of the collapsing star,
making the exterior region dynamic.
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I. INTRODUCTION
An important and open issue in relativistic astrophysics is the final fate of a massive star collapsing under its own
gravitational attraction. When a star with a mass many times the Solar mass exhausts its nuclear fuel, the gravitational
force overcomes the hydrostatic repulsive pressure and it starts to shrink and collapse continually without ever
reaching a final equilibrium state such as a white dwarf or a neutron star. Under physically reasonable circumstances,
the singularity theorems then predict that the spacetimes describing the solutions to Einstein’s field equations will
inevitably admit singularities where densities and spacetime curvatures become infinitely large and blow up [1].
However, these theorems predict only the existence of singularities and give no information on their nature. Thus, it
is crucial to figure out whether, as hypothesized by cosmic censorship conjecture (CCC) [2], the resulting singularity
is necessarily covered by a spacetime event horizon (black hole) or can be observed by an external observer (naked
singularity). The latter should, in principle, provide a laboratory for detecting the effects of quantum gravity near the
extreme regions with ultra small length scales comparable to the Planck length. Despite lack of any mathematically
rigorous formulation describing the cosmic censorship conjecture, several gravitational collapse models have been
studied over the past years which exhibit the occurrence of naked singularities as a possible outcome of a collapsing
event. The models which have been investigated so far include a wide variety of field sources such as scalar fields [3],
perfect fluids [4] and imperfect fluids [5]. The problem can also be addressed in alternative theories of gravity such
as f(R) [6], Lovelock [7] and Gauss-Bonnet gravity [8]. The key feature pertaining to the visibility of a spacetime
singularity to an external observer is the causal structure of the spacetime at late stages of the collapse scenario that
decides the possible emergence or otherwise of non-spacelike trajectories from the resulting singularity. Therefore, if
the collapse dynamics proceeds in such a way that the horizons develop much before the formation of the singularity,
then extreme-dense regions are causally disconnected from external observers and a black hole forms as the collapse
end product. On the other hand, if such horizons are delayed or failed to form during the collapse process, as governed
by the internal dynamics of the collapsing body, then a naked singularity is born which is nothing but an ultra-strong
gravity region communicating physical effects to the outside universe.
While mathematically permitted gravitational collapse models respect physical conditions such as validity of the
energy conditions and regularity of the initial data, a few of such models may be applicable to a realistic star.
Therefore, further physical features which affect the dynamics of a collapsing star is needed to be examined. Among
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2these features, the inhomogeneities and related shearing effects have been vastly studied in the literature [9]. It has
been shown that these effects could delay the formation of the apparent horizon, allowing regions of extremely strong
gravitational fields to become causally connected to an outside observer. Efforts directed towards the gravitational
collapse of a massive star have mostly focused on the torsion-less spacetimes, while spacetimes with torsion have
attracted less attention. In the presence of torsion, the connection could be generally asymmetric where its anti-
symmetric part determines the torsion. Therefore, the geodesic equation is affected by introducing torsion. While the
time-like particles with non-zero spin can directly interact with spacetime torsion, the spinless particles and photons
which determine the causal structure of the spacetime interact indirectly through geometry1. Intuitively, one may
think that the existence of spacetime torsion may modify the background spacetime and as a consequence affects the
dynamics of the collapse in contrast to the case where torsion is absent. Therefore, it may be of considerable interest
to investigate the process of gravitationally collapsing massive objects when the effects of spacetime torsion are taken
into account.
Shortly after Einstein’s theory of general relativity (GR), Weyl introduced a generalization to the Riemannian
geometry in order to unify gravitation and electromagnetism. However, this theory was never studied seriously due
to its non-metricity. To cure this defect, a generalization to this theory was suggested by Lyra based on introducing
a gauge function into the structure-less manifold [11]. In contrast to Weyl’s geometry which is torsion free but not
metric compatible, Lyra’s connection is metric-preserving but not torsion free. Lyra’s action described in section II
is striking in the sense that the coupling constants are dimensionless. It conforms to the idea that a fundamental
theory has no dimensional coupling and thus is scale invariant. In Einstein-Cartan Theory, which is the simplest
generalization of GR to include the intrinsic angular momentum (spin) of matter, torsion is not a dynamical object
in the sense that its equation is purely algebraic and vanishes when the matter fields are absent [12]. On the other
hand, in the scalar-tensor theory of Brans-Dicke (BD) [13], the tensor field alone is geometrized (it is specified by
the metric tensor of Riemannian geometry) and the scalar field remains alien to geometry in the sense that the pure
geometric essence of GR is not shared by the scalar-tensor theories. Lyra’s geometry is more in line with Einstein’s
principle of geometerization, since both the scalar and tensor fields have intrinsic geometrical significance. From this
viewpoint the BD theory can be obtained from pure geometry if one takes the fundamental spacetime to be the Lyra
manifold so that the BD scalar field casts either as the scale factor of Lyra geometry or as the scalar torsion potential
[14–16]. In contrast to the BD theory where the coupling parameter is introduced in an adhoc fashion, when we
re-write Lyra’s action in terms of the BD action, the origin of the coupling parameter appearing in the theory which
measures the strength of the torsion is seen as rooted in the structure of the spacetime so that different manifolds
will be distinguished through different connections.
Over the past decades, cosmological settings based on Lyra’s geometry have been broadly investigated. In [17], it is
shown that the redshift of spectral lines from extragalactic nebulae arises as a result of an intrinsic geometrical essence
of the model describing the universe. Several efforts have been made to clarify the possible role of Lyra geometry
in a variety of contexts. Among them we quote, topological defects due to symmetry breaking in the early universe
[18], higher dimensional cosmological models [19], dark energy models [20], the study of spinorial field [21], massless
DKP field [22], scalar and vector massive fields [23] and semi-classical gravitational effects around global monopole
[24]. Cosmological scenarios where the Big-Bang singularity is avoided have been found in [25] (see [26] for a detailed
review on cosmological settings in Lyra geometry) and black hole solutions in a Lyra background have been reported
in [27]. However, beside the cosmological scenarios where Lyra geometry has received a great deal of attention, to our
knowledge, the process of gravitational collapse of a massive body has not yet been studied within this framework.
While the setting presented herein may be regarded as a toy model, the question of what are the possible effects of a
dynamical torsion on the final fate of a collapse scenario could be well motivated.
The aim of this paper is concerned with constructing a class of collapse models where the spacetime torsion
propagates through a scalar potential and affects the collapse dynamics. We categorize the solutions based on the
torsion parameter and EoS, subject to physical reasonableness of the collapse scenario into two classes: For the first
class, we show that the footprint of the torsion can be traced as a frictional factor in the rate of change of the speed
of collapse which increases the collapsing time interval (by reducing the speed of the collapse) and eventually retards
the formation of the apparent horizon. However, for these class of solutions the apparent horizon would always form
to cover the singularity. For the second class where the apparent horizon is failed to form, we find that the more we
deviate from GR, the more the tendency of the solutions to the apparent horizon formation. The organization of the
paper is as follows. After having a glance at Lyra’s geometry in section II, we find the field equations and related
1 Particles with non-zero spin move on the autoparallel curves over which a vector field is parallel transported via the affine connections.
Photons and other spinless particles follow the curves described by extremizing the line element with respect to the metric, i.e. the
paths over which a vector field is parallel transported through the Christoffel symbol [10].
3solutions for a spherically symmetric homogeneous perfect fluid, benefiting from its connection to the BD theory.
In section III we first present a quick summary on the formation or otherwise of trapped surfaces during a collapse
scenario in GR, using the notion of Misner-Sharp gravitational energy. We then proceed by investigating the causal
structure of the spacetime in BD theory and how the torsion could affect the collapse dynamics in relation to the
variation of the torsion parameter and EoS. At the end of this section we deal with the issue of curvature strength of
the singularity. In section IV the exterior solution is presented and finally conclusions are drawn in the last section.
II. LYRA GEOMETRY: CONNECTION WITH BRANS-DICKE THEORY
In Lyra geometry unlike the Riemannian geometry, where to each point on an n-manifold is assigned locally an
n-tuple set of coordinates using a chart in each local neighborhood, the manifold is also endowed with a smooth scalar
field ψ at each point of M , called the gauge function, having the dimension of an inverse length so that the local
coordinate system xµ and the gauge function ψ together form a reference system
S = (ψ, xµ), µ = 1, ..., n. (2.1)
In fact, the gauge function plays the role of a scaling factor and scales the infinitesimal displacements along a curve.
Taking the preservation of the metricity condition in Lyra geometry as granted, one may find the form of the uniquely
determined connection [15, 28] as
Γµ αβ =
1
ψ
{µ αβ}+ s+ 1
ψ2
(δµ βψ,α − gαβψ,µ), (2.2)
where s is a constant and reveals the properties of torsion in Lyra geometry which is defined by
T ν αµ =
s
ψ2
(δν µ ψ,α − δν α ψ,µ). (2.3)
There is a close relation between Lyra geometry and Brans-Dicke theory in the sense that in the case of zero spin
the field equations of both theories are equivalent [15]. To see this one can look at the action of the gravitational
theory based on Lyra’s manifold. The volume element can be written in the form (from now on we proceed in n = 4
spacetime dimension)
η = ψ4
√−g d4x. (2.4)
The Lyra’s gravitational action is constructed, in analogy to the Riemannian case, as
S =
∫
M
K η + Sm, (2.5)
where Sm stands for the action for matter fields and the Lyra curvature scalar K is written in the form of
K =
1
ψ2
R+
2(s+ 1)
ψ3
(1 − n)ψ + 1
ψ4
[
(s+ 1)2(3n− n2 − 2)− 2(s+ 1)(1− n)
]
ψ,αψ
,α, (2.6)
where  is the Riemann-Christoffel d’Alembert operator. Invoking equation (2.6) and eliminating the total divergence
terms, we obtain the BD action
S =
∫
d4x
√−g
(
φR − ω
φ
gµν∂µφ ∂νφ
)
+ Sm, (2.7)
where we have set ψ2 = φ and ω = 32 (s
2 − 1) is the BD coupling parameter. Extremizing the above action one gets
the modified BD field equations as
Gµν =
8π
φ
Tmµν +
ω
φ2
[
∂µφ ∂νφ− 1
2
gµν∂αφ ∂
αφ
]
+
1
φ
[
φ,µ;ν − gµν φ
]
, (2.8)
φ =
8π
3s2
Tm, (2.9)
where Tm stands for the trace of the energy-momentum tensor of matter fields of spinless particles and we have set
G = c = 1. In the presence of spin-torsion interactions however, an additional term from spin density comes into play
4through the evolution equation for torsion potential [15]. We note that the condition s2 ≥ 0 restricts the BD coupling
parameter to be greater than or equal to −3/2 . For s = 0 the spacetime torsion vanishes and the Lyra geometry
reduces to a (local) conformally invariant Riemanian geometry (see [15] for more details). Regarding the relation of
Lyra geometry and BD theory, this case corresponds to special value of the BD coupling parameter for which the
Cauchy problem is ill-posed [29], hence we exclude it.
Next, within the framework introduced above, we construct a class of continual collapse models for a spherically
symmetric homogeneous matter distribution in such a way that the collapse evolution terminates in a spacetime
singularity. We parameterize the interior line element of the collapsing body, in comoving coordinates, as
ds2 = −dτ2 + a(τ)2dr2 +R(τ, r)2dΩ2, (2.10)
where R(τ, r) = ra(τ) is the physical area radius of the collapsing volume and τ is the comoving time. We take the
matter energy-momentum tensor to be that of a perfect fluid with the barotropic EoS p = wρ
T
mµ
ν = diag(−ρm , pm , pm , pm), (2.11)
where ρ
m
and p
m
are the energy density and pressure.
Inserting metric (2.10) into the field equations (2.8) and (2.9) one finds three independent equations
3H2 =
3
4
(s2 − 1)
(
φ˙
φ
)2
− 3H φ˙
φ
+
8πρ
m
φ
= 8πρeff , (2.12)
−2H˙ − 3H2 = 2H φ˙
φ
+
φ¨
φ
+
3
4
(s2 − 1)
(
φ˙
φ
)2
+
8πp
m
φ
= 8πpeff , (2.13)
φ¨
φ
=
8π
3s2φ
(ρm − 3pm)− 3H φ˙
φ
, (2.14)
where H(τ) = R˙(τ,r)
R(τ,r) =
a˙(τ)
a(τ) . Substituting for
φ¨
φ
from (2.14) into equation (2.13) and after a bit of rearrangement,
we obtain
3H2 =
3
4
(s2 − 1)a2H2
(
φ,a
φ
)2
− 3aH2φ,a
φ
+
8πρim
φ
a−3(1+w), (2.15)
−2aHH,a − 3H2 = −aH2φ,a
φ
+
3
4
(
s2 − 1)a2H2(φ,a
φ
)2
+ 8πρim
1 + 3w(s2 − 1)
3s2φ
a−3(1+w), (2.16)
where the conservation of ordinary matter energy-momentum tensor ρ˙
m
+3H(ρ
m
+ p
m
) = 0 has been considered and
ρim is the initial profile of the energy density at initial hypersurface from which the collapse commences. Solving the
above set of differential equations together with the evolution equation for the BD scalar field (2.14) we get
H(a(τ)) = αa(τ)γ , φ(a(τ)) = βa(τ)δ , (2.17)
where
α =
√
8πρim
3βs2
(
1− 3s2(1 − w)− 3w)
(9s2(w − 1)2 − (3w − 1)2) 12
, γ =
9w2 − 9s2 (w2 − 1)− 1
6s2(w − 1)− 6w + 2 , δ =
2(3w − 1)
1− 3w − 3s2(1− w) , s 6= 0, (2.18)
and β is a constant. Since we are concerned with a collapsing configuration, the first part of equation (2.17) with
α < 0, which measures the rate of decrease of the area radius, will be used throughout this paper. It is then easy to
solve for the scale factor as a function of the comoving time as
a(τ) =
[
a−γi + αγ(τi − τ)
]− 1
γ
, (2.19)
where ai and τi are the initial values of the scale factor and comoving time respectively. In order that the scale factor
vanishes at a finite amount of comoving time we require γ < 0 so that the singularity time can be obtained as
τs = τi +
a−γi
αγ
. (2.20)
5III. GRAVITATIONAL COLLAPSE
A. A short review
In this subsection we first give a brief review on active gravitational energy and then proceed by examining our
solution in a continual spherically symmetric gravitational collapse. Basically, it is the structure of trapped surfaces
during the collapse procedure that decides the visibility or otherwise of the spacetime singularity. These surfaces
are defined as compact two-dimensional (smooth) space-like surfaces such that both families of ingoing and outgoing
null geodesics normal to them necessarily converge [30]. A point is considered as being in a trapped region if there
exists a trapped surface surrounding it. A trapped region is defined as the union of all trapped surfaces. The interior
spacetime (2.10) can be split into the surface of a 2-sphere and a two dimensional hyper-surface normal to the 2-sphere
as [31]
ds2 = hµνdx
µdxν +R(τ, r)2dΩ2, hµν = diag
[−1, a(τ)2] . (3.1)
Introducing the null coordinates
dζ+ = − 1√
2
[dτ − a(τ)dr] , dζ− = − 1√
2
[dτ + a(τ)dr] , (3.2)
the above metric can be re-written in a double-null form
ds2 = −2dζ+dζ− +R(τ, r)2dΩ2. (3.3)
The radial null geodesics are given by the condition ds2 = 0. Thus there exist two kinds of future-directed null
geodesics corresponding to ζ+ = constant and ζ− = constant, the expansions of which are given by
θ± =
2
R(τ, r)
∂±R(τ, r), (3.4)
with the partial derivatives taken along the null coordinates
∂+ =
∂
∂ζ+
=
1√
2
[
∂τ +
∂r
a(τ)
]
, ∂− =
∂
∂ζ−
=
1√
2
[
∂τ − ∂r
a(τ)
]
. (3.5)
The expansion parameter measures whether the congruence of null rays normal to a sphere is diverging (θ± > 0) or
converging (θ± < 0), in other words, the area radius along the light rays is increasing or decreasing, respectively. The
spacetime is referred to as trapped, untrapped and marginally trapped if 2
θ+θ− > 0, θ+θ− < 0, θ+θ− = 0, (3.6)
respectively, where the third class characterizes the outermost boundary of the trapped region, the apparent horizon.
From equation (3.4) one can easily check that hµν∂µR(τ, r) ∂νR(τ, r) = −R(τ, r)2θ+θ−/2, thus the apparent horizon
curve is simply given by the condition R˙(τ, r)2 = 1. In other words, the vector ∂µR is space-like (time-like) in
untrapped (trapped) regions and null on the apparent horizon. The Misner-Sharp (MS) gravitational energy in GR
is defined as [32] (see also [33] for more details)
E(τ, r) =
R(τ, r)
2
[1− hµν∂µR(τ, r) ∂νR(τ, r)] = R(τ, r)
2
[
1 +
R(τ, r)2
2
θ+θ−
]
. (3.7)
From the above definition, it is the ratio 2E(τ, r)/R(τ, r) that governs the formation of trapped surfaces during the
dynamical evolution of the collapse scenario such that, if the condition 2E(τ, r) < R(τ, r) holds then no trapping
of light happens and the apparent horizon (which is the outermost boundary of trapped surfaces), characterized by
2E(τAH, r) = R(τAH, r), is not formed early enough before the singularity formation or is totally avoided (τs < τAH).
In this situation the outgoing light rays may have a chance to escape toward a neighboring observer (locally naked
singularity) or an asymptotic one (globally naked singularity). For 2E(τ, r) > R(τ, r), trapped surfaces do form
throughout the evolution of the collapse leading to the convergence of both the ingoing and outgoing families of null
trajectories that have emerged from a point existing in the trapped region. Thus, the apparent horizon forms early
enough before the singularity formation produces a black-hole in the spacetime (τs > τAH).
2 Note that, the objects θ+ and θ− are not geometrically invariant since the null coordinates ζ+ and ζ− can be arbitrarily rescaled as
ζ+ → f(ζ+), ζ− → g(ζ−). An invariant object is the combination θ+θ−.
6B. Causal structure of the spacetime and dynamics of the apparent horizon
In the previous subsection we defined the MS energy that determines the causal structure of the spacetime in GR.
Now consider a spacetime manifold on which a scalar field has been spread out so that this scalar field couples only
indirectly to the matter fields but non-minimally interacts with the curvature through the coupling to the Ricci scalar.
In this sense, one expects that the gravitational interaction is mediated not only by the usual metric tensor field of
GR, but also by an additional scalar field. Hence, the causal structure of the manifold endowed with this scalar field
gets altered in comparison to the case where the scalar field is absent. Therefore, we define the mass-like function
[34] which in the case of GR is reduced to the standard MS energy. In order to compute the mass-like function we
follow the procedure suggested in [35] using the unified first law of thermodynamics. Upon using this method the
field equations can be rewritten as
dE = AΨµdxµ +WdV, (3.8)
where A = 4πR(τ, r)2 is the area of the sphere with physical radius R(τ, r), V = (4π/3)R(τ, r)3 is its volume, W
is the work density W = −(1/2)hµνT µνm and Ψµ = T νmµ∂νR(τ, r) +W∂µR(τ, r) is the energy supply vector. It is
straightforward to show that
dE = A(τ, r)dτ +B(τ, r)dr, (3.9)
where
A(τ, r) = r3a3H
[
φ
a¨
a
+
φ
2
H2 + φ˙H +
φ¨
2
+
3(s2 − 1)
8
φ˙2
φ
]
, (3.10)
B(τ, r) = r2a3
[
3
2
φH2 − 3(s
2 − 1)
8
φ˙2
φ
+
3
2
φ˙H
]
. (3.11)
For dE to be a total differential the following integrability condition has to be satisfied
∂A(τ, r)
∂r
− ∂B(τ, r)
∂τ
= 0, (3.12)
whence we get 3
E(τ, r) =
∫
A(τ, r)dτ +
∫ [
B(τ, r) − ∂
∂r
∫
A(τ, r)dτ
]
dr. (3.14)
It is worth noting that equation (2.14) implies the satisfaction of the integrability condition. Substituting the expres-
sions (3.10) and (3.11) into the above equation and taking into account the fact that A(τ, r) and B(τ, r) are separable
functions of r and τ , we arrive at the following equation for the mass-like function as
E(τ, r) =
∫
B(τ, r)dr =
r
3
B(τ, r). (3.15)
Therefore one can find
E(τ, r) = 1
2
R(τ, r)3φ
[
H2 − s
2 − 1
4
(
φ˙
φ
)2
+
φ˙
φ
H
]
. (3.16)
Rewriting the above equation in terms of the invariant quantity θ+θ−, one has
E = Rφ
2
P
[
1 +
R2
2
θ+θ−
]
, (3.17)
3 Since dE is a total differential
E(τ, r) =
∫
B(τ, r)dr +
∫ [
A(τ, r)−
∂
∂τ
∫
B(τ, r)dr
]
dτ, (3.13)
is another solution for the mass-like function equivalent to equation (3.14).
7where
P =
[
1 + a
(
φ,a
φ
)
− 1
4
a2(s2 − 1)
(
φ,a
φ
)2]
, (3.18)
which, for the solutions obtained from the second part of (2.17) reads P = 8πρim/3βα2. Bearing in mind the conditions
given in (3.6), the spacetime is trapped, untrapped or marginally trapped if
2E
R
> φP , 2E
R
< φP , 2E
R
= φP , (3.19)
respectively. We note that in case where s→∞ and the trace of energy-momentum tensor of matter is non-vanishing,
the quantity P → 1, the BD scalar field becomes a constant and the above relations reduce to their GR counterparts4
(see [36] for a detailed discussion on the GR limit of the BD theory). Using equations (2.17) and (3.16) it is easy to
find the following expressions as
2E(τ, r)
R(τ, r)
=
8πr2ρim
3
[
a−γi + αγ(τi − τ)
] 1+3w
γ , φ(τ) = β
[
a−γi + αγ(τi − τ)
]− δ
γ
. (3.20)
The solution (2.19) exhibits a curvature singularity, a point at which both Lyra-Kretschmann scalar (see appendix
A) and the effective energy density (2.12) diverge. Then, in order to determine whether such a singularity is hidden
behind a horizon or not, one needs to investigate the behavior of trapped surfaces during the dynamical evolution of the
collapse procedure. Firstly, we note that the regularity condition needs to be satisfied which states that there should
not be any trapping of light at the initial hypersurface from which the collapse begins, 2E/R|τi < φP|τi . Eventually,
if the second part of equation (3.19) holds throughout the collapse until the singularity epoch τs is reached, trapped
surface formation is avoided throughout the collapse scenario and a naked singularity may form as the collapse end
result. If there is a time for which the first part of equation (3.19) holds then the trapped surfaces would form and
the resulting singularity will be necessarily covered. Secondly, the sign of the pressure plays an important role in
determining the final outcome of the collapse scenario. In a typical continual collapse scenario the absence of trapped
surfaces is usually accompanied by negative pressure [37, 38]. However, for the sake of physical reasonableness, it is
required that the collapse process obeys the weak energy condition (WEC), i.e., TijV
iV j ≥ 0 for all non-spacelike
vectors V i, that is, the energy density as measured by any local observer is non-negative (we note that the weak energy
condition implies the null one). For the collapse setting considered here, the weak energy condition is equivalent to
the following statements
ρeff ≥ 0, ρeff + peff ≥ 0. (3.21)
Figure (1) shows the allowed regions in (s, w) plane in the sense that in the collapse setting, the scale factor vanishes
at a finite amount of time subject to the regularity and energy conditions (we require that α < 0 and δ > 0). For
any point selected for the torsion parameter (s) and EoS (w) from the gray region, trapped surfaces do form during
the collapse procedure. While for those chosen from the shaded region, the formation of trapped surfaces is avoided.
The boundary that separates these two regions is highlighted by a red curve. This boundary coincides with the line
w = − 13 as the s parameter goes to infinity (as asymptotically given by the blue dotted arrow). Thus, for s→∞ or
correspondingly for ω →∞, this boundary separates the trapped and untrapped regions as simply given by w > − 13
and w < − 13 , respectively. This is nothing but the GR limit of the model. We further note that the gray region
enclosed between the red curve and w < − 13 contains a set of points in (s, w) plane for which the collapse leads
to black hole formation. While in the GR case, this region must have been the one for which trapped surfaces are
avoided for all −1 < w < − 13 , the presence of Lyra torsion puts restrictions on the physically reasonable range of
4 It should be noticed that in Lyra geometry for s = 0 the autoparallel curves and geodesics coincide, though the connection is manifestly
asymmetric that is because the coordinate frame is not chosen as the natural one. However, as it is clear from equation (2.3) the torsion
vanishes for s = 0. This case which corresponds to a (local) conformal Riemannian manifold with a local conformal weight ψ(x) (or a
Riemannian manifold which is endowed with a BD scalar field with a dimensionless coupling parameter being equal to −3/2) is excluded
because of ill-defined Cauchy problem as it was already mentioned. It is important to notice that the GR limit of the BD theory is
realized for ω →∞ and Tm 6= 0, as equation (2.9) dictates, which results in ψ(x) = constant. In this case the Lyra manifold reduces to
a conformal Riemannian manifold with a constant global conformal weight. In this sense, GR is a smooth limit of the Lyra geometry
in the regime that ω →∞.
8torsion and EoS parameters for which trapped surfaces are failed to form. In this sense, there exists a lower bound
on the s parameter for each EoS so that trapped surface formation does not take place during the collapse scenario.
The behavior of the ratio 2E/RφP in terms of the proper time τ is shown in the upper panels of figure (2). Solutions
for which the spacetime is un-trapped through the whole duration of the collapse occur for some negatively pressured
ordinary matter contents for admissible values of the torsion parameter. The upper left panel is plotted for these
values of s and w parameters chosen from the shaded region of figure (1), for which, trapped surfaces are avoided till
the singularity formation. As the upper right one shows the apparent horizon forms at the time τAH. Whether the
apparent horizon forms sooner or later depends on the dynamics of the collapse scenario. To clarify the situation let
us have a more detailed look at the rate of change of the speed of collapse. From (2.17), the rate of the collapse can
be easily read off as
H =
1
δ
φ˙
φ
, (3.22)
whence one has
a¨ =
d
dt
(aH) =
1
δ
[
a˙
φ˙
φ
+ a
(
φ¨
φ
− φ˙
2
φ2
)]
. (3.23)
The above equation can be re-written as
a¨− a˙
δ
φ˙
φ
− 1
δ
(
φ¨
φ
− φ˙
2
φ2
)
a = 0. (3.24)
The coefficient of a˙ plays the role of a frictional or anti-frictional term depending on its sign to be positive or negative,
respectively. For δ > 0, the time derivative of the torsion potential is negative, φ˙ < 0. Therefore this term acts as
friction, making the collapse to decelerate and delays the formation of the apparent horizon. The lower left panel in
figure (2) shows the behavior of the apparent horizon time as a function of s for different values of the EoS parameter.
It is seen that the larger the value of the torsion parameter, the longer the time of formation of apparent horizon. On
the other hand, for w < 0, the more negative the pressure of perfect fluid matter, the later the apparent horizon forms
(family of black curves). Conversely, for w > 0, the more the positive pressure the sooner the apparent horizon forms
to cover the singularity (family of red curves). Furthermore, as the torsion parameter goes to infinity, all the curves
settle on constant lines, i.e., the GR limit. It should be noticed that in a homogeneous collapse setting all the shells
of matter distribution become singular at the time at which the physical radius of the collapsing object vanishes,
i.e., R(τs, r) = 0. However, the behavior of the apparent horizon as is controlled by the equality in (3.19), is quite
different in the sense that, it can intersect with a typical shell and moves outward to finally disappear or conversely
it can move inward to cover the resulted singularity [39]. The location of the apparent horizon is given by
2E(τ, rAh(τ)) = φ(τ)PR(τ, rAH(τ)), (3.25)
which gives the apparent horizon curve as
rAH(τ) =
1
α
[
a−γi + αγ(τi − τ)
]− δ+3w+12γ . (3.26)
The behavior of apparent horizon curve is sketched in the lower right panel of figure (2). The family of blue curves
(plus the red one) have been plotted for those values of torsion and EoS parameters chosen from the shaded region
of figure (1). For these values the apparent horizon diverges while as the family of black curves (the values s and
w selected from the gray region of figure (1)) show, the apparent horizon converges to finally cover the singularity.
In figure (3) we have plotted the time behavior of the effective pressure, the effective energy density and the second
inequality of (3.21). As is seen in the upper left panel, except for those values of s and w for which trapped surfaces
can be avoided (the shaded region in figure (1)), the effective pressure is positive. The effective energy density remains
positive and diverges at the singularity (see the right panel) and finally the second inequality of (3.21) always holds
(lower left panel). The possibility of violation of the weak energy condition is observed in the collapse settings where
the effects of quantum gravity are treated [39, 40] and recently in noncommutative collapse settings [41]. In the late
stages of the collapse where the energy density becomes many orders of magnitude larger than the earlier stages of
the collapse (comparable to Planck energy) and the length scale is much smaller than the earlier radii of a typical
star, the effects of quantum gravity induces negative pressure that leads to a bounce and thus singularity avoidance,
see e.g. [42]. However, as extensively discussed in [43], in the classical limit, it is not physically plausible to remove
the spacetime singularity at the price of violating the weak energy condition.
9So far, we have found a class of collapse solutions where the apparent horizon is avoided till the singularity formation.
However, for the homogeneous collapse setting as studied here, the absence of apparent horizon is a necessary but
not a sufficient condition for the nakedness of the singularity. As discussed in [44] there can exist regular Cauchy
surfaces which come arbitrary close to the spacetime singularity so that trapped surfaces are avoided prior to these
surfaces, though the singularity is not naked. Such a situation has also been reported in [45] where it is shown that
in the gravitational collapse of an inhomogeneous dust cloud, the absence of apparent horizon does not necessarily
mean that the singularity is indeed naked. This is in contradiction to the arguments stated in [46], where numerical
simulations suggest the criterion for nakedness of the singularity as the failure of apparent horizon formation on a
sequence of spacelike surfaces developing throughout the spacetime. In order to examine the nature of the singularity
we must seek whether there can exist any null geodesic terminating in the past at the singularity and reaching an
observer at the boundary of the collapsing cloud. These family of geodesics have to satisfy dτ/dr = a(τ) in the
interior region so that the area radius must increase along these trajectories. As discussed in [47], such a situation
cannot take place since all the collapsing shells become singular simultaneously. In other words, the condition on
radial null geodesics implies dτ/dr = 0 at the singularity time due to the homogeneity. However, this situation could
happen after a suitable matching to an exterior region, whose boundary r = rb is the surface of the collapsing cloud
that becomes singular at τ = τs, into which null geodesics can escape. We shall treat this issue in the next section
where we show that, from the exterior perspective, upon using a standard procedure as developed in [48], there exists
a family of outgoing null rays reaching asymptotic observers to whom the singularity is exposed.
Finally we compute the curvature strength of the naked singularity which is an important aspect of its physical
seriousness. When a collapsing star develops a curvature singularity, the energy density diverges. However, finite
physical volumes may or may not be crushed to zero volume as the singularity is reached. This could be used as a
criterion for judging the physical seriousness of the singularity, and also for the possible extendibility of spacetime
through the singularity. The singularity is said to be gravitationally strong in the sense of Tipler [49] if every collapsing
volume element is crushed to zero size at the singularity, otherwise it is known as weak. It is believed that spacetime
cannot be extended through a strong singularity, but is possibly extendable through a weak one [50]. Clarke and
Krolak [52] gave necessary and sufficient quantitative criteria for the singularity to be gravitationally strong, by
examining the rate of curvature growth along outgoing non-spacelike geodesics terminating at the singularity. In
order that the singularity be gravitationally strong there must exist at least one non-spacelike geodesic with tangent
vector ℓµ, along which the following condition holds in the limit of approach to the singularity
Υ = lim
k→0
k2Rµνℓ
µℓν > 0, (3.27)
where Rµν is the Ricci tensor and k is an affine parameter which vanishes at the singularity. A geodesic is an extremal
curve xµ = xµ(k) satisfying
δ
∫
ds = δ
∫ [
ψ2gµν
dxµ
dk
dxν
dk
] 1
2
dk = 0. (3.28)
The Euler-Lagrange equations for the geodesics turn out to be [15]
ψ
dℓµ
dk
+ ψ{µ αβ}ℓαℓβ − ℓαℓαψ,µ + 2ℓµℓαψ,α = 0. (3.29)
Let us consider radial null geodesics with the tangent vector ℓµ = dxµ/dk = [ℓτ , ℓr, 0, 0] that terminate at the
singularity at k = 0. These geodesics have to satisfy
dℓτ
dk
+ {τ αβ}ℓαℓβ + 2 (ℓτ )2 ψ˙
ψ
= 0,
dℓr
dk
+ {r αβ}ℓαℓβ + 2ℓτℓr ψ˙
ψ
= 0, (3.30)
where we have used the null condition ℓµℓµ = 0. Substituting then for the solution and non-vanishing components of
Christoffel symbols the resulting differential equations can be easily integrated to give
ℓµ =
[
a−(δ+1), a−(δ+2), 0, 0
]
. (3.31)
In order to calculate the null curvature condition (NCC) Rµνℓ
µℓν > 0, we project the Ricci tensor along the null
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vector field given above to get
Rµνℓ
µℓν =
8πρim
φ
(1 + w)a−(3(1+w)+2(1+δ)) +
[
3
2
(s2 − 1) φ˙
2
φ2
− 2H φ˙
φ
+ 2
φ¨
φ
]
a−2(1+δ),
=
α2
2
δ
[
2(γ − 1) + δ(3s2 − 1)] a2(γ−δ−1) + 8πρim(w + 1)
β
a−(5+3δ+3w), (3.32)
where use has been made of equations (2.8) and (2.17). The lower right panel of figure (3) shows the behavior of
NCC as a function of scale factor where it is seen that this condition is satisfied throughout the collapse scenario.
The fulfillment of NCC is crucial in the satisfaction of limiting strong focusing condition (LSFC) which is regarded as
a criterion for its destructiveness property of any object that falls into it5 [52]. Next in order to compute the LSFC
we proceed by noting that
d
dk
aǫ = ǫHaǫ−1,
d2
dk2
aǫ = ǫ
[
(ǫ − 1)H2 + aHH,a
]
aǫ−2, (3.33)
whereby using the last part of (3.32) we finally get
Υ = lim
k→0
k2Rµνℓ
µℓν = lim
k→0
k2
[
α2δ
[
2(γ − 1) + δ(3s2 − 1)]
2a2(δ−γ+1)
+
8πρim(w + 1)
βa3(δ+w)+5
]
= ∆1a
−2δ +∆2a
−[2γ+3(δ+w+1)], (3.34)
where
∆1 =
δ
(
2γ + δ(3s2 − 1)− 2)
2(γ − 2δ − 1)(γ − δ − 1) , ∆2 =
16πρim(w + 1)
α2β (3(δ + w) + 5) (4 + 3(δ + w) + γ)
. (3.35)
In order that the condition Υ > 0 be satisfied, we require ∆1 > 0 and ∆2 > 0. The fulfillment of the new conditions
on the curvature strength of the naked singularity makes the shaded region in figure (1) to be restricted as the left
panel of figure (4) shows. The shaded region is the original one for which the trapped surfaces are avoided requiring
the physical reasonableness. The dotted region shows the region where the LSFC is satisfied. The region where Υ < 0
is unphysical since it violates the weak energy condition. Furthermore, we note that the initial density profile has to
be non-negative as WEC requires, and thus the positivity of the coefficients ∆1 and ∆2 depend only on the EoS and
the torsion parameter. Therefore, we conclude that the naked singularity is Tipler strong independently of the initial
profile of energy density.
IV. EXTERIOR SOLUTION
The gravitational collapse setting studied so far deals with the interior of the collapsing object. In order to complete
the model we need to match the interior spacetime to a suitable exterior one. From a conceptual viewpoint the surface
of a collapsing star divides the whole spacetime into two regions; the interior region, filled with matter and radiation
and the exterior region which is usually filled with all types of radiation coming out of the star. Since, on one hand,
the exterior region of a realistic astrophysical object is surrounded by a radiation zone and on the other, the internal
radial pressure is nonzero at the boundary, the Schwarzschild metric may no longer be a good approximation to
describe the external region of such a star. It should be modeled by more suitable spacetimes, namely the Vaidya
spacetime [53]. The Vaidya solution has been vastly studied in gravitational collapse [54] and particularly to describe
the formation of naked singularities [55]. In the presence of a cosmological constant, it has been shown that the
collapse of the spherically symmetric matter bulk will result in naked singularities rather than black holes [56].
Let us take the exterior spacetime line element as that of generalized Vaidya metric [57] which in retarded (exploding)
null coordinates is given by
ds2+ = −f(R, v)dv2 − 2dvdR+R2dΩ2, (4.1)
5 It has also been pointed out in [51] that the curvature strength of a naked singularity is related to its quantum effects so that in the
case of strong naked singularity formation, quantum particle creation diverges in the limit of approaching the Cauchy horizon.
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FIG. 1: The allowed region for trapped surface formation (gray zone) or their avoidance (shaded zone). These regions are
plotted by requiring that α < 0 since the collapse rate must be negative, γ < 0 in order that the scale factor vanishes at a
finite amount of comoving time, δ > 0 so that there exist null trajectories terminating in the past at the singularity from the
exterior viewpoint and the WEC be satisfied throughout the collapse setting. The red boundary separates these regions and
asymptotes the line w = − 1
3
(the blue dotted arrow) for large values of the s parameter.
where f(R, v) = 1− 2M(R, v)/R is the exterior metric function, with M(R, v) being a measure of the mass contained
within the radius R. We label the radiation coordinates as {Xµ+} ≡ {v,R, θ, φ} with v being the retarded null
coordinate labeling different shells of radiation and R being the Vaidya radius. Utilizing the Israel-Darmois junction
conditions [58], we are to match the interior line element
ds2− = −dτ2 + a2(τ)dr2 + a2(τ)(r2dθ2 + r2 sin2 θdφ2), (4.2)
to the exterior metric given above through the boundary surface r = rb. The interior coordinates are labeled as
{Xµ−} ≡ {τ, r, θ, φ}. The interior and exterior induced metrics take the form, respectively
ds2b− = −dτ2 + a2(τ)r2b (dθ2 + sin2 θdφ2), (4.3)
and
ds2b+ = −
[
f
(R(τ), v(τ))v˙2 + 2R˙v˙] dτ2 −R2(τ)(dθ2 + sin2 θdφ2). (4.4)
Matching the induced metrics gives
f
(R(τ), v(τ))v˙2 + 2R˙v˙ = 1, R(τ) = rba(τ), (4.5)
where an overdot denotes d/dτ . In order to find the extrinsic curvatures of the interior and exterior hypersurfaces
close to the boundary surface we need to find the unit normal vector fields to these hypersurfaces. A straightforward
calculation reveals that
n−µ = [0, a(τ), 0, 0] , n
+
µ =
1[
f(R, v)v˙2 + 2R˙v˙
] 1
2
[
−R˙, v˙, 0, 0
]
. (4.6)
The components of extrinsic curvature for interior region read
K−ττ = 0, K
θ−
θ = K
φ−
φ =
1
Rψ , K
−
τθ = K
−
τφ = K
−
θφ = 0. (4.7)
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FIG. 2: Upper left panel: The behavior of 2E/R (dashed curve) and φP (solid curve) as functions of τ for β = 0.8, ρim = 1,
ai = 1 and τi = 0. The torsion and EoS parameters have been picked up from the shaded region of figure (1) as s = 1.5,
w = −0.8. The ratio 2E/R/φP stays less then unity till the singularity time τs = 0.565. Here, use is made of the scaling
freedom for the initial radial comoving coordinate to write R(a(τi), r) = r = 0.2. Note that we have to suitably utilize this
scaling freedom so that the regularity condition is fulfilled. Upper right panel: Apparent horizon formation for β = 1, ρim = 1,
ai = 1 and τi = 0 at τAH = 0.193. The torsion and EoS parameters have been picked up from the gray region of figure (1) as
s = 1.4, w = 0. Lower left panel: Effects of variation of s parameter on delay in the apparent horizon formation for β = 1,
ρim = 1, ai = 1, τi = 0 and r = 0.2. The numerical values of torsion and EoS parameters have been chosen from the gray region
of figure (1). Lower right panel: The behavior of apparent horizon curve for different values of torsion and EoS parameters.
For the exterior region we have
K+tt = −
v˙2
[
ff,Rv˙ + f,vv˙ + 3f,RR˙
]
+ 2
(
v˙R¨ − R˙v¨
)
2
(
f v˙2 + 2R˙v˙
) 3
2
,
K+θθ = K
+φ
φ =
f v˙ + R˙
R
√
f v˙2 + 2R˙v˙
. (4.8)
We assume that there is no surface stress-energy associated with the boundary surface (see e.g. [59] for the study of
junction conditions for boundary surfaces and surface layers). For a smooth matching of extrinsic curvatures in the
absence of surface layer, we find
f v˙ + R˙ = ψ−1, (4.9)
v˙2
[
(ff,R + f,v)v˙ + 3f,RR˙
]
+ 2
(
v˙R¨ − R˙v¨
)
= 0. (4.10)
Taking derivatives of (4.9) and the first part of (4.5), we can construct the following expressions
2R˙v¨ = f˙ v˙2 + 2v˙ψ˙ψ−2
R¨v˙ = −v¨(f v˙ + 2R˙) + v˙ψ˙ψ−2. (4.11)
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FIG. 3: Upper Left panel: The time behavior of effective pressure for different values of the torsion and EoS parameters. Upper
right panel: The time behavior of the effective energy density for the same values of s and w parameters as the left figure.
Lower left panel: The weak energy condition for the same values of w and s parameters as upper panels. We have set β = 1
and the initial values of energy density, the scale factor and initial time as, ρim = 1, ai = 1 and ti = 0, respectively. Lower
right panel: the behavior of null curvature condition for different values of torsion and EoS parameters.
Substituting the above expressions into the last term of (4.10) and after a little algebra we get
f,v = − 2ψ˙
v˙2ψ2
. (4.12)
Finally from the first part of (4.5) and (4.9) we get the four velocity of the boundary as
Uµ =
(
v˙, R˙, 0, 0
)
=
[
1 +
√
1− fψ2
fψ
,−
√
1− fψ2
ψ
, 0, 0
]
, (4.13)
where the minus sign for R˙ is chosen since we are concerned with a collapse setting. In order to find the exterior
metric function we proceed by noting that
ψ˙ =
√
βδ
2
r
− δ2
b R
δ
2−1R˙, ψ2 = β
(R
rb
)δ
, (4.14)
whence, using (4.13) we arrive at the following partial differential equation for the exterior metric function
∂
∂v
f(R, v) = δR


f(R, v)2
[
1− βf(R, v)
(
R
rb
)δ] 12
[
1 +
√
1− βf(R, v)
(
R
rb
)δ]2


, (4.15)
for which the solution reads
f(R, v) = −
4
[
δRv +R2
(
β
(
R
rb
)δ
+ g(R)
)]
[δv +Rg(R)]2 , (4.16)
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with g(R) being an arbitrary function. The existence of naked singularity can be worked out by considering the
behavior of null rays near the singularity. The equations for radial null geodesics emanating from the singularity are
given by
d
dλ
ξv − 1
2
f,R(ξ
v)2 = 0,
d
dλ
ξR +
1
2
(f,v + ff,R) (ξ
v)2 + f,Rξ
vξR = 0, (4.17)
with ξµ =
[
ξv, ξR, 0, 0,
]
= [dv/dλ, dR/dλ, 0, 0] being the tangent vector of the null trajectory and λ being the affine
parameter. An outgoing radial null geodesic that meets the singularity in the past has to satisfy the null condition
ξµξµ = 0 or equivalently ds
2
+ = 0, i.e.,
dv
dR = −
2
f(R, v) . (4.18)
Let us define Z = v/R to be the tangent to the outgoing radial null geodesics from the singularity. If such a tangent
to the null geodesics do exist in the limit of approach to the singularity, i.e., R → 0 and v → 0 we must have6
Z0 = lim
R→0
v→0
v
R = limR→0
v→0
dv
dR = limR→0
v→0
−2
f(R, v) . (4.20)
The central shell-focusing singularity is naked if the above equations admit one or more positive real roots Z0; in this
case, there is at least one radially outgoing null geodesic originating at the singularity [54]. For the exterior metric
function obtained in (4.16), with the free function taken as g(R) = C0, we have
Z0 = lim
R→0
v→0
[C0 + δZ]
2
2
[
δZ + β
(
R
rb
)δ
+ C0
] , (4.21)
where we note that δ > 0 in order to have finite values for Z0 [60]. Taking the limit we obtain the following algebraic
equation that governs the behavior of the tangent to radial null geodesics near the singularity
δ(2− δ)Z20 + 2C0(1− δ)Z0 − C20 = 0, (4.22)
for which we readily get the solutions as
Z+0 = −
C0
δ
, Z−0 = −
C0
δ − 2 . (4.23)
Therefor, respecting the condition δ > 0, if we take C0 < 0 there can be found outgoing radial null geodesics emerging
from the singularity, with positive definite tangent and exposing it to faraway observers. Such a family of outgoing
radial null geodesics can also be found for C0 > 0 and 0 < δ < 2. The flux of outgoing radiation is given by [63]
σ = − 2R2
∂M
∂v
=
4δ
[
2βR
(
R
rb
)δ
+ C0R+ δv
]
(δv + C0R)3 . (4.24)
Since the star is radiating energy to the exterior zone due to the appearance of negative pressure in the interior,
we must have, M˙ = ∂M
∂v
< 0. The right panel in figure (4) shows the outflow of radiation as a function of retarded
time and distance. The flux decreases monotonically as both the null coordinate and radius increase and vanishes
asymptotically. The solution (4.16) reduces to a static spacetime in the GR limit where δ → 0. In this situation,
6 We note that the Kretschmann scalar computed by the metric (4.1)
K =
1
R4
[(
∂2f(R, v)
∂R2
)2
R4 + 4
(
∂f(R, v)
∂R
)2
R2 + 4− 8f(R, v) + 4f(R, v)2
]
, (4.19)
diverges at the singularity point (R, v) = (0, 0).
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though the exterior spacetime is static, null geodesics may still have a chance to escape from the singularity, in the
sense that if the collapse velocity is bounded the boundary surface r = rb can be taken sufficiently small so that no
horizon can develop to cover the singularity [64].
At the close of this section, we would like to mention that in the above study, we have taken the free function to
be a constant value. To investigate the nature of the singularity for the general form of the free function, we need to
examine the behavior of null rays in the vicinity of the point R = 0, v = 0. Let us now assume that this function is
well-defined near the singular point and expand the exterior metric function as a Taylor series
(
we take δ = 1
)
f(R, v)
∣∣∣∣
R→0
v→0
= −4R
v
+
4g(0)R2
v2
+
(
4
g′(0)− β
v2
− 4g(0)
2
2v3
)
R3 + 4g(0)3R
4
v4
+ 8g(0) (β − g′(0)) R
4
v3
+ 2
g′′(0)
v2
R4 +O(R5) +O(v5), (4.25)
where the prime denotes total derivative with respect to R. Taking the first derivative of the free function to be
g′(0) = β and its second derivative to be zero we find that the spacetime behaves self-similarly in the vicinity of the
singularity and admits a homothetic Killing vector field given by [65]
Xµ = R ∂
∂R + v
∂
∂v
, (4.26)
which satisfies the condition £Xgµν = 2gµν. Therefore, a conserved quantity along the radial null geodesics can be
found as
Xµξµ = RξR + vξv = constant. (4.27)
Following [65], we take ξv = Q(R, v)/R, whereby we can find the first integral of geodesic equations (4.17)
ξv =
dv
dλ
=
Q(R, v)
R , ξ
R =
dR
dλ
= −f(R, v)
2R Q(R, v), (4.28)
where we have used the null condition and Q satisfies the following equation
dQ
dλ
+
Q2
2R2 (f −Rf,R) = 0. (4.29)
From the condition (4.27) we arrive at an algebraic equation for Q, whence we finally get
dv
dλ
= B
[
2g(0)R2
v
(
1− g(0)R
v
+ g(0)2
R2
v2
)
−R
]−1
, (4.30)
dR
dλ
= −2B
[
−R
v
+ g(0)
R2
v2
− g(0)2R
3
v3
+ g(0)3
R4
v4
] [
2g(0)R2
v
(
1− g(0)R
v
+ g(0)2
R2
v2
)
−R
]−1
, (4.31)
where B is a constant. Figure (5) shows the numerical plot of the vector fields
(
ξv, ξR
)
in the (R − v) plane, for
fixed values g(0) and B. We see that the singularity R = 0, v = 0 is a source and there exists at least one radial
null geodesic emerging from the singularity with finite slope and escaping to future null infinity (I +). The first null
trajectory v = 0 leaves the singularity to reach I + and the emergence of the rest with v > 0 is followed afterwards.
The singularity is also globally naked since dR/dv > 0 as v increases. It should be noted that although the two vector
fields diverge at (R, v) = (0, 0), the tangent to null trajectories is positive and finite.
V. CONCLUDING REMARKS
The process of gravitational collapse of a massive body and its final fate have received considerable attention in
recent years due to its importance in black hole physics and the issue of cosmic censorship conjecture [66]. Such
studies have provided modern examples of naked singularities as the possible end state of a collapse setting under
a variety of circumstances. Recent developments in gravitational collapse physics suggest that naked singularities
arising from the exact solutions to Einstein’s field equations can take different configurations. Not surprisingly, the
observational aspects of such objects should be diverse and interesting. If these objects do exist in nature, it would
be decisive in any astrophysical attempt to investigate how they may interact with their surroundings in order to
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FIG. 4: Left panel: The allowed region for torsion strength and EoS parameters so that the naked singularity be gravitationally
strong (dotted region). The light blue region is not allowed since it violates the weak energy condition. Right panel: The
behavior of energy versus retarded null coordinate and the distance for s = 1.24, w = −0.8 and C0 = 10.
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FIG. 5: Phase portrait in the (R, v) plane for B = −0.1 and g(0) = −0.1.
understand whether they can be observed and how (see e.g. [67] and references therein). As discussed in [68] a naked
singularity, if present, can be observationally distinguished from a Schwarzchild black hole because of the physical
properties of their accretion disks which may form around them. In addition, gravitational lensing effects due to
extreme curvature regions provide one with a suitable tool to seek the observational signatures coming out from a
naked singularity in such a way that lensing characteristics of such objects are qualitatively very different from those
formed as Schwarzchild black holes [69]. From this viewpoint, It is interesting to consider the equation of photon
trajectories for the exterior metric function given in (4.16) and investigate the different aspects of the lensing effects
of the strong curvature naked singularities in the herein model as compared to those reported in the literature (see
[69] and references therein). However, dealing with this issue is out of the scope of the present work.
17
In the past decades, a large amount of work has been devoted to develop theories of gravity which, contrary to
Einstein-Cartan theory, allow the long range torsion mediated interactions and include a scalar field as the potential of
the spacetime torsion [14], [70]. Possible experimental consequences of propagating torsion has been studied in [71, 72]
and particularly the authors in [71] concluded that the torsion decays quickly outside of the matter distribution hence
leaving no long-range interaction to be discovered experimentally.
However, as a matter of reality hidden behind the most unknown or less-known phenomena in nature, one may
not certainly decide on the irrelevance of torsion in gravitational physics. While the interaction of matter fields with
torsion is weakened at low energy limits7, the essential manifestations of torsion effects may not be negligible in the
realm of particle physics [74] or in very early universe [75]. From such a perspective, the effects of dynamical spacetime
torsion on the final outcome of a gravitational collapse process and possibly its observational features as stated in [68]
and [69], could provide a major motivation to investigate this issue since the late stages of the gravitational collapse of
a massive star where we are encountered with extreme dense regions could be comparable with the very early stages
of cosmological scenarios. Besides the framework of the models mentioned above, Lyra geometry is another such
a theory which provides a suitable setting for a propagating spacetime torsion and its possible effects on a typical
gravitational collapse scenario. In addition to the cosmological models based on this theory [26] we have obtained a
class of solutions in this context which describes the process of gravitational collapse of a massive body. The action
integral in Lyra manifold constructed by Lyra curvature scalar can be suitably rewritten as that of Brans-Dicke
theory where the BD scalar field arises as a pure geometrical object, a potential for the spacetime torsion. Having
taken a spherically symmetric homogeneous perfect fluid, obeying a linear equation of state, as the matter content
which evolves through the spacetime with a non-zero torsion, we have shown that under the satisfaction of certain
conditions on physical reasonableness of the collapse, the formation or otherwise of the trapped surfaces is decided by
the torsion parameter and EoS as figure (1) shows. For those class of solutions leading to trapped surface formation,
variation of the torsion potential may behave as a frictional term in the equation governing the rate of collapse (3.24)
so that the collapse continually decelerates; in this sense, the dynamics of the apparent horizon may be influenced as
a consequence of propagating spacetime torsion (see the lower left panel of figure (2)). On the other hand, for the
second class of solutions where trapped surfaces do fail to form, the pressure turns to be negative in the interior of the
collapsing cloud, thus generating an outward flux of energy to the exterior region. One then may intuitively imagine
that the collapsing object may loose away some of its matter content preventing thus the trapped surface formation,
since there remains not enough mass at each stage of the collapse to get the light trapped. Furthermore, in view
of figure (1), the condition on the EoS for nakedness or otherwise of the singularity in the GR limit is w < −1/3
or w > −1/3, respectively which is in agreement with the result found in [38]. Whereas, when we deviate from GR
by making the torsion parameter to be sufficiently low8, trapped surfaces can be either formed or fail to form (for
w < −1/3) depending on the value of the s parameter. This puts a lower bound on the torsion parameter for each
value of the EoS as dictated by the red boundary curve.9 Despite the fact that the singularity produced as the end
state of the collapse configuration could be potentially naked for the torsion and EoS parameters as given in the
shaded region of figure (1), it cannot be gravitationally strong for all the values of these parameters. The requirement
that the LSFC be fulfilled further restricts the possible range of s and w parameters which are plotted as the dotted
region in the left panel of figure (4).
The collapse setting studied here deals with the homogeneous density profile while its dynamics develops quite
differently once the inhomogeneities are introduced within the configuration of the collapsing object. The simplest
and rather specific scenario for the gravitational collapse was that of Oppenheimer-Snyder-Datt (OSD) model which
describes the process of gravitational collapse of a homogeneous pressure-less cloud with no rotation and internal
stresses [76]. It is obvious that employing the OSD model in order to describe the collapse process of a realistic
compact object is highly idealized and unphysical. As a matter of fact, we would expect that the density distribution
would typically grow when we approach the regions near the center and decreases once we move away from the
center. The first step in coming closer to an actual model of collapsing star was to generalize the OSD set up to
an inhomogeneous collapsing dust cloud, leading to the celebrated LTB collapse models [77]. In this respect, there
has been an extensive and long-standing debate on the role of initial data in determining the final outcome of a
collapse scenario and more importantly the genericity and stability features for naked singularities and black holes
7 Theoretical settings for the possibility of detection of torsion fields at low energy limits have been investigated in [73]
8 We note it should not be misunderstood that the large values of the torsion parameter means the more the contribution of the spacetime
torsion to the collapse setting. Just as the BD theory, the larger we take the BD coupling parameter the weaker the BD scalar field
does play its role in the gravitational interaction.
9 Interpolating between the points living on the red boundary curve gives the relation between the torsion and EoS parameters as,
w ≃ −0.3333− 2.2484exp(−1.2747s). We note that neither the points in the gray region of figure (1) nor the ones in the shaded region
are allowed to lay on this curve.
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that form as the end products of a complete gravitational collapse of a massive cloud of matter (see e.g. [48, 67, 78]).
In connection with these points, the final state of a collapse process would drastically change in the presence of
inhomogeneities, since the horizon behaves differently in contrast to the case where the densities are taken to be
completely homogeneous. Therefore, with regard to the model described here, the role of initial profile of the energy
density can be only manifested in the satisfaction of the regularity condition which is clearly due to the homogeneous
nature of the model. While, in a typical LTB collapse model the initial density distribution is expanded as a Taylor
series near the center of symmetry so that it is the derivatives of the initial density profile that play a crucial role in
the nakedness and curvature strength of the singularity (see e.g., [48] and references therein). However, the study of
the effects of inhomogeneous torsion potential and more interestingly those due to the inclusion of intrinsic angular
momentum density of spinning fluids on the collapse dynamics and the time evolution of the apparent horizon could
also pave the way for any feasible formulation and proof for the CCC. Such a study is currently under consideration.
There are also a few features that beg some additional elucidation. The relation between torsion and BD coupling
parameters can be viewed from two standpoints: in one hand, finding experimental bounds on the torsion parameter
would lead to the constraints on the BD parameter. On the other hand, the observational restrictions on the BD
coupling parameter can indeed be used to determine the constraints on the torsion parameter. The investigation of
renormalizability of quantum field theory in the presence of an external gravitational field with torsion has shown
that the interaction of matter fields with torsion has many physical features, so that the renormalization structure
of the field theory on the curved spacetime with torsion requires the non-minimal interaction of the external torsion
with spinor fields10 and hence the introduction of non-minimal coupling parameters that determine such interaction
[80]. Therefore, the methods of the effective field theory has been developed and exploited in order to seek the
theoretical features as well as phenomenological footprints of the spacetime torsion. In this connection, experimental
probes on the violation of local Lorentz invariance in the spacetime region where torsion is non-vanishing is utilized
to extract constraints on the components of torsion [81]. Work along this line has been done through Hughes-Drever
experiments [82] and in the most recent work, experimental bounds on the components of the torsion field has been
reported by the search for parity violation in neutron spin rotation [83]. However, we would like to argue here that
the results of [81, 83] are not applicable to the present model (the bounds on the torsion parameter as given in figure
(1)) for two reasons. Firstly, the background torsion field has been taken approximately to be constant while in
our model torsion has a dynamical nature. Secondly, the direct coupling of torsion components to fermion sector
in the effective Lagrangian has been taken into account based upon which the constraint on torsion components
are found, by reinterpretation of the experiments seeking for Lorentz and CPT violation; while in the present work
the explicit presence of fermion fields and their coupling to the spacetime torsion has not been considered. On the
other hand the relation between Lyra torsion parameter and the BD coupling parameter can be notable in the sense
that the experimental bounds on the BD parameter would correspondingly confine the torsion parameter. Recent
observations of radiation damping in mixed binary systems have put rigorous bounds on the BD coupling parameter as
ω > 40000 from Cassini measurements of the Shapiro time delay in the Solar-System, ω > 1000 from the observational
benchmarks of the Nordtvedt effect using lunar laser ranging experiments and ω > 1250, from the observations of
the orbital period derivative of the quasi-circular white dwarf neutron star binary [84]. The authors have estimated
the contributions due to tensor and scalar sector of the gravitational radiation from compact binary systems in the
massive BD theory, and used recent observations of radiation damping in mixed binary systems to put stringent
bounds on the parameters of the theory. Post-Newtonian approximation has been exploited to derive the equations of
motion in the weak-field limit and then the scalar and tensor gravitational waveforms have been obtained by solving
the linearized field equations. In comparison to the constraints on torsion and EoS parameters as specified in figure
(1), we see that the experimental bounds on the BD parameter as reported in [84] (or within the herein model on
the torsion parameter) lead to the result that the related EoS for the apparent horizon formation or its avoidance
would deviate negligibly from the GR case. In fact, the Solar-System tests based on Post-Newtonian formalism are
reliable in the weak-field limit of gravity, the matter that generates Solar-System gravity moves slowly and has small
internal energies. As a consequence, weak-field experiments cannot give much information on strong-field regime,
and one needs to test such a regime by resorting to alternative methods. Given that the present values of the Post-
Newtonian parameters are obtained from weak-field tests, it is reasonable that deviations from GR can be hidden in
the weak-field regime but may become dominant at the early times in the history of the universe or in the regions
near the singularity where the spacetime curvatures take extreme values and blow up [85, 86]. It is worth mentioning
at this stage that, the BD coupling parameter bears the ratio of the scalar to tensor couplings to matter so that
the larger the value of BD parameter the smaller the effects of the scalar field. Therefore the larger value of the
10 The non-minimal interaction of spacetime torsion with fermionic matter has received remarkable attention for the purpose of formulating
GR as a gauge theory [79].
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BD parameter suggests that the scalar field has a negligible contribution to the gravitational interaction; the theory
becomes indistinguishable from GR and correspondingly, from the standpoint of the present model, the effects of
spacetime torsion disappear in this limit. However, observational bounds on the present value of the BD coupling
parameter do not necessarily put constraints on its value at early times in more general scalar-tensor theories where
the BD coupling parameter is allowed to vary [88]. The generalized scalar-tensor theories in which the ω parameter
depends on the scalar field could have smaller values, therefore significant contribution of the scalar field at the
early stages of the universe11, while evolving through the attractor mechanism to a large value today [86, 87]. From
this viewpoint, whereas the Post-Newtonian formalism provides a uniform description of gravitational interaction in
the case of weak fields, there is no such requirement for fields derived on the basis of a Post-Newtonian weak-field
approximation in the presence of compact objects with strong gravitational fields (e.g. the final phases of black hole
coalescence which involve strong gravitational interactions where only numerical relativity methods are valid or the
phenomenon of “spontaneous scalarization” for massive neutron stars, see [85] and references therein) and specially
in the collapse setting where super-dense regimes of extreme gravity are dominant. From another viewpoint, the BD
theory may be regarded as an approximation for a class of scalar-tensor theories of gravity which have more significant
effects on cosmological scales. In this way one can intuitively imagine that the bounds on the torsion parameter (see
figure (1)) obtained from those values of ω parameter at the early universe can be compared to a situation where a
dense matter distribution undergoes a collapse process in the presence of a dynamical background torsion so that the
effects of a dynamical torsion could alter its final stage.
Finally let us compare our results with [93] where the authors have developed a numerical code that solves the
dynamical field equations for evolution of a spherically symmetric gravitational collapse of a pressure-less matter in
BD theory. Utilizing this code, they showed that the OppenheimerSnyder collapse in this theory results in black
hole formation rather than naked singularities, at least for |3ω + 2| > 3, which are identical to those of GR in final
equilibrium, but are quite different during the dynamical evolution. In the model presented here, motivated by the
fact that the BD scalar field can act as a dynamical torsion potential, we studied the collapse of a homogeneous perfect
fluid whose pressure and energy density obey a linear EoS. The exact solutions we found show that for physically
reasonable values of the EoS and torsion parameter (s > 1 compared to the bound on the BD parameter as specified
by [93]), both naked singularities and black holes could arise as the collapse end product. Furthermore, the weak
and null energy conditions are satisfied in the Jordan representation utilized in this paper which ensure the physical
reasonableness of the collapse configuration. The naked singularity formed is gravitationally strong as a consequence
of the satisfaction of NCC. Whereas, the NCC is violated in [93], as a result of which the apparent horizon of the black
hole can pass outside of the event horizon with decreasing the surface area of the event horizon over time. The exterior
spacetime of the collapsing object investigated in [93] admits monopole gravitational radiation during its evolutionary
stages and settles down to a static Schwarzchild metric at late times where the scalar field approaches a constant value.
In our case, the dynamical exterior spacetime is found to be that of the generalized Vaidya spacetime whose dynamical
characteristic is due to the mere presence of the gauge function in the Lyra connection being interpreted as the BD
scalar field; therefore in Lyra geometry in contrast to Einstein-Cartan theory, the torsion can propagate and thus
its effects are transmitted through a smooth matching to exterior region. From the viewpoint of dynamical exterior
spacetime, we examined the existence of outgoing radial null geodesics ending in the past at the singularity. It was
shown that, there can be found outgoing radial null rays with real positive tangents at the singularity that propagate
to faraway observes. This could possibly provide a counterexample to CCC. However, any rigorous formulation of the
CCC depends on a detailed analysis of stability and genericity aspects of the naked singularities and black hole phases
that develop as the end states of a realistic gravitational collapse. In this sense, we do not strictly claim that the CCC
is violated here since the resulting naked singularity may not remain stable upon the introduction of perturbations
within the matter content and the spacetime geometry, such as the inhomogeneities that come into play at later stages
of the collapse process.
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BD theory.
Appendix A: Lyra-Kretschmann Scalar
The Lyra-Kretschmann scalar is defined as
K = Kµ ναβ Kµ ναβ , (A1)
which for the spacetime given by metric (2.10) can be computed as
K = 12
ψ2
[
α1H
4 + α2H
2(H˙ +H2) + α3(H˙ +H
2)2
]
, (A2)
where
α1 =
[
(s+ 1)2(2a3ψ6ψ,aψ,aa ++a
4ψ4ψ4,a − 2a4ψ5ψ2,aψ,aa + 7a2ψ2ψ2,a − 2a3ψ5ψ3,a + a4ψ6ψ2,aa)
+ 2(2s+ 1)
[
a2ψ6ψ2,a − a2ψ4ψ2,a
]
+ (s+ 1)
[
6aψ3ψ,a + 2aψ
7ψ,a − 4aψ5ψ,a
]
+ (s4 + 4s3 + 6s2 + 4s+ 1)a4ψ4,a + 4(s
3 + 3s2 + 3s+ 1)a3ψψ3,a + ψ
8 − 2ψ6 + ψ4
]
, (A3)
α2 =
[
(s+ 1)
(
2sa2ψ6ψ2,a + 2aψ
7ψ,a + 2a
2ψ7ψ,aa
)
+ 2(s+ 1)2
(
a3ψ6ψ,aψ,aa − a3ψ5ψ3,a
)]
, (A4)
α3 =
[
2(s+ 1)aψ7ψ,a + (s+ 1)
2a2ψ6ψ2,a + ψ
8
]
, (A5)
and ψ2 = φ. Substituting for H and φ from equations (2.17) in the above expression, we finally get
K = 64π
2ρ2im
3β6(s− 1)2s4
[
−8a 21−s2 βs3(s− 1)2(s+ 2) + 4a 41−s2 (s+ 1)2(s4 + 2s3 − 5s2 + 4s− 1)
+β2s2
(
5s4 − 14s2 + 16s− 3 + 6w(s4 − 1) + 9w2(s2 − 1)2
)]
a
−
6(1+w)(s2−1)+8
s2−1 . (A6)
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